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Abstract

Discrete time volatility analysis has focussed almost exclusively on GARCH processes, which are
very flexible models for time varying conditional variance. The continuous limit of these processes is
therefore of considerable interest for continuous time volatility modelling. Unfortunately, progress in
this area has been hampered by conflicting results. The limit of the symmetric normal GARCH
model is fundamental for limits of other GARCH processes, yet even this has been the point of
much debate amongst econometricians. Nelson (1990) derived the limit of the strong GARCH
model as a stochastic volatility process that is uncorrelated with the price process, so this limit has
limited applicability. However, since the strong GARCH process is not time aggregating one should
question whether it is sensible to derive its continuous limit at all. This paper derives the continuous
limit of the weak GARCH process, which is time aggregating. Moreover the limit model is a
stochastic volatility model with non-zero price volatility correlation in which both the variance
diffusion coefficient and the price-volatility correlation are related to the skewness and kurtosis of the
physical returns density. When returns are normally distributed this limit model reduces to Nelson’s
strong GARCH diffusion, however, more generally it has the flexibility to fit most short term

volatility skews without adding jumps in either the price or the volatility process.
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I Introduction

The variance of financial returns is not directly observable and has thus been subject to extensive
time series analysis based on nonparametric and parametric methods. Whilst non-parametric
methods have just started to flourish, parametric methods are more widely spread and in this group
models in the class of generalized autoregressive conditional heteroscedasticity (GARCH) processes
are considered the most popular discrete time framework to characterize the dynamic behaviour of
the variance process. Continuous time parametric modelling has focussed on smile consistent models
and uses a very different set of tools, mostly stochastic volatility models with correlated Brownian
motions that can incotporate jumps in the price and/or vatiance processes. The discrete and
continuous approaches are quite well differentiated, but recently more and more papers are

connecting the two frameworks.

The first study that links GARCH processes with continuous time modelling is the paper of Nelson
(1990). In this path breaking work, which also introduces one of the most important approaches for
GARCH option pricing, the author derives the continuous limit of strong GARCH processes using a
theorem of weak convergence.! This limit is a stochastic variance process with independent
Brownian motions, i.c. the well-known ‘GARCH diffusion’ that is commonly applied in practice.
However, Corradi (2000) changed Nelson’s set of assumptions and arrived at a different limit: a

continuous-time model with deterministic variance.?3

A hypothesis has to be made about the behaviour of the GARCH parameters when the step length
converges to zero and in GARCH(1,1) there is some freedom to make these assumptions, hence the
difference in the limits derived. The debate about the limit of strong GARCH(1,1) can thus be
reduced to asking which set of assumptions is correct. The arguments for Nelson’s limiting model
are the following: first of all, GARCH has a non-zero variance for the variance yet Corradi’s limit has
a deterministic variance process, making the variance of the variance conditionally zero. Secondly, a
simple simulation study performed by the authors suggests that Nelson’s assumptions are

appropriate.*

I Nelson (1990) also derives the continuous limit of the EGARCH model of Nelson (1991). His results were
later generalized by Duan (1997) to a more general family, the so-called augmented GARCH models.

2 In another paper, Duan, Ritchken and Sun (2006) show that their model converges to a continuous time
model with jumps in the both the price and variance processes, but with diffusion in the price process only. If
restricted to a normal GARCH, their limit model gives the model derived by Corradi (2000) because they use
the same limiting assumptions for the parameters.

3 See also the paper of Jeantheau (2004) for the convergence of a GARCH-type model. His assumptions are
similar to those of Corradi (2000).

4The results are available from the authors upon request.



In favour of Corradi’s limit it can be argued that discrete time GARCH has only one source of
randomness whilst a diffusive variance has two sources.> Furthermore, Wang (2002) used the
asymptotic non-equivalence of the likelihood functions to demonstrate that the continuous limit of
normal GARCH(1,1) must have a deterministic variance, i.e. it cannot be a diffusion model. Brown,
Wang and Zhao (2002) consider stronger convergence conditions and again show that there can be
no diffusion term in the continuous limit of multiplicative GARCH models. Also, the transition from
continuous variance diffusion to discrete time models yields a discrete time stochastic volatility
model such as the autoregressive volatility model that was introduced by Taylor (1986), and not a
GARCH process. Hence, choosing between Nelson’s and Corradi’s limiting models is not a

straightforward task.

Several papers study the continuous time limit of different GARCH processes. Kallsen and Taqqu’s
(1998) approach has the advantages that (1) there is only one source of randomness, as in the discrete
time model and (2) it keeps the delayed effect of the returns on the variance process present in
GARCH. However, this is not the limit of GARCH, but an extension of it, assuming a step function
for the variance. Kazmerchuk ez a/. (2002) further developed this model by changing the variance
process so that it is no longer a step function, but a continuous function. A critique of this approach
is that, when discretized, the model will return the GARCH process for only one given step length
and for all other frequencies the process is not GARCH. Also, it is not obvious how the variance
should behave between the breakpoints given by this discretization. Mele and Fornari (2000)
considered the continuous limit of A-PARCH models where the error term follows a GED
distribution (+++++++++++++++++++++more). Later Zheng (2005) studied the limit of
HARCH type processes proposed by Miiller ef 2/ (1997). The disadvantage of this model is, besides
the lack of time aggregation, that the model is a function of the step length, namely it is a
GARCH(1,K)-type process with K increasing as the step length decreases; its limit has deterministic
variance as the conditions set are similar to that of Corradi (2000). Trifi (2000) extended the paper of
Nelson (1990) to non-normal distributions, case in which a continuous limit similar to ours is
obtained, and to Augmented GARCH processes as well as the CEV-GARCH model of Fornari and

Mele (2005). However, still it is necessary to assume limiting behaviours for the model parameters.

A continuous time process that features the properties of GARCH and where the residuals follow a

Lévy process was introduced by Kliippelberg, Lindner and Maller (2004). This has the advantage that

5 One explanation for this is that, given a normally distributed variable, x(7), a new one can be created (based on
the very same process), x(#)?, with Cort( x(3), x(? ) = 0. Hence, with only one source of uncertainty two
uncorrelated (but not independent) processes can be created.



it has only one source of randomness. However, it is not the limit of the discrete time GARCH but a

continuous time extension.

This paper employs the weak definition of GARCH given by Drost and Nijman (1993) which has the
advantage that it is time aggregating: if the weak GARCH(1,1) is the data generating process (DGP)
for a given frequency, then the same model will be the DGP for any other frequency. We believe that
only under this condition is it legitimate to consider the continuous limit of a model. Drost and
Werker (1996) introduce continuous time GARCH processes that exhibit weak GARCH-type
behaviour for all discrete frequencies. (+++++-++++-++++more) Meddahi and Renault (2004)
introduce a large class of volatility models that have stochastic volatility models as their continuous
time limit. This class is closed under temporal aggregation and it includes GARCH processes as well.
However, their definition does not create a closed subgroup for the GARCH processes alone. In
other words, taking GARCH(1,1) as the DGP for some frequency, then for any other frequency we

have another model in Meddahi and Renault’s class, but not a GARCH(1,1) variance model.

The aggregated strong GARCH gives an infinite-leg weak GARCH variance, which has a very
different behaviour from a strong GARCH(1,1), as shown by Nijman and Sentana (1996), Komunjer
(2001) and Jondeau (2008), although in these papers aggregation is considered contemporaneously
(in the context of a portfolio) as opposed to temporally. The behaviour of the temporally aggregated
sttong GARCH process has been studied by Baillie and Bollerslev (1992) and Breuer and Jandacka
(2007). With weak GARCH we find that there is no flexibility to choose assumptions when deriving
the limit: the convergence of all the parameters is given by the definition of the process. Here the
continuous time limit is proved to be a stochastic volatility model with more general properties than
Nelson’s GARCH limit and which reduces to Nelson’s limit under certain assumptions about the
conditional returns densities. Nelson’s limit has zero price-volatility correlation, but such stochastic
volatility models have poor hedging properties when the volatility smile has a negative skew.® By
contrast, the limit of weak GARCH derived in this paper has correlated Brownian motions in which
both the variance diffusion coefficient and the price-volatility correlation are related to the skewness

and kurtosis of the physical returns density.

After deriving the weak GARCH diffusion model we examine its properties. First we show that a
discretization of the model does indeed return a weak GARCH process; hence the model does not

suffer from this criticism of the strong GARCH process. Then we compare, again favourably,

¢ See, for example, Alexander and Nogueira (2007).



simulations from the weak GARCH diffusion with those of the strong GARCH diffusion. The zero
price-volatility correlation in the strong GARCH diffusion is one of the serious drawbacks of the
model, yet in the weak GARCH diffusion the price-volatility correlation is not only non-zero, but it
is related to the skewness and kurtosis of the undetlying returns, which is very intuitive. Finally, we
discuss the calibration of the model and compare its properties with those of the popular stochastic

volatility model introduced by Heston (1993).

The remainder of this paper is organized as follows: Section II presents the weak GARCH process.
Section III addresses the issue of parameter convergence and Section IV derives the continuous time
limit of the weak GARCH(1,1). Section V examines the discretization of the continuous model and
this is followed by a some simulation studies in Section VI. Section VII (to be written) contains

calibration results and Section VIII concludes. All proofs are in the Appendix.

II. Weak GARCH process
A GARCH(1,1) process (from now on denoted simply by GARCH), as introduced by Engle (1982)
and Bollerslev (1986), is given by an autoregressive conditional variance that also depends on the
square of the previous return. We denote the returns by:

— St — St*l

S =1In(S,/S.,)

Ve

t—1

and assume that the conditional mean equation is given by y, = +¢, with E (et " | I, ) =0 where the
‘information set’ I, is the o-algebra generated by the vector (et). The conditional variance h, is
assumed to follow the process:

h =w+ae’ +Bh,_ )

Now the classical (strong) definition states that: 7

E(e2

t+1

L)=h, @)

We define the step-length A and consider the continuous limit as A 4 0. Our notation for a time

series with step-length A indexes time as k A, with k =1, 2, ... Hence, for any A we can define the A-

7'The subscript # here stands for the time that the process becomes known; this means that 4, is the conditional

vatiance for ef 4 and it is revealed at time # See also Zheng(2005).



step process with two components: the residuals and the GARCH process. In the following the pre-

subscript in front of the parameters will denote the step-length used.

The first paper that discusses the continuous limit of GARCH is that of Nelson (1990). The main
theorem states that, under the conditions:

1-— +
wzhm(A—wJ; azlim(A—aj; 6=lim£M]; 0<w,o,0<o00

Ao\ A Ado \/K Alo A

the limit will be a stochastic volatility model:
ds
— =pdt+ \/V dB,
S

dV =(0—0V)dt++2aV dB,
where the two Brownian motions are independent. We have used the notation S and V for the
continuous-time limits of S, and h,.
On the other hand, Corradi (2000) proves that, if we assume the following convergence rates:

1—( o+
w=lim(A—wj; oc=lim(A—O(); 6=lim(#j; 0<w,a,0<o0

Ao\ A alo\ A

then the continuous-time limit is a deterministic variance model:
dS
? =p dt + Y, VdB

dv = (co—@V) dt

The difference between the two assumptions lies with the convergence of alpha. In the first case it is

assumed to converge to a constant at rate JA , whilst in the second case it is assumed to converge at
rate A. Which assumption is correct has been the subject of considerable debate. Here we argue that
Nelson’s assumptions are correct. However, we promote a different continuous limit because it is
best to use the time aggregating version of the model. Without time aggregation we have a strong
GARCH process for a given frequency, but for any other frequencies the process will not be a strong

GARCH process anymore.

When computing the limiting model, we use a definition that guarantees that the process will be the
same for any frequency, meaning that the model is aggregating in time; this is the weak definition

introduced by Drost and Nijman (1993). The difference is that the weak GARCH specifies that h, in



(1) is not the conditional variance, but the best linear predictor (BLP) of the squared residuals. In

weak GARCH equation (2) is replaced by the conditions:

E(e,e,)=0 i20 r=0,1,2

E((2: =R )el)=0 i20 r=0,12
The assumption that 0 and h, are the BLPs for the residuals and squared residuals at time t + 1,

guarantees that the BLP of the squared residuals (not the conditional variance) aggregates in time.

Consider this process using two base step lengths: A and & where 8 < A. Since we need to compare

variances at different time steps, ,h,, will denote the BLP for ,e., /A (note that dividing by the

step-length will give us comparable linear predictors). This means that, for an arbitrary step A, the
weak GARCH process can be written as:

Sia =S

(r-1)A
AVia = Apt 48y, where ;. = S

= ln(sm / S(k—l)A)
(k-1)2
sl = p0+ A“AEiA / A+ ABAh(}H)A

E( a%ups 8fena) =0 120 r=0,1,2

E((Ae(zk+1)A JA- AhkA)Aezkﬂ.)A) 0 i20 r=0,1,2

Similarly, 5h 15 Will denote the BLP for 8858 /& and a similar set of defining equations can be written

for steps of length 8.

III. Parameter convergence

The weak definition of GARCH implies a relationship between the parameters and unconditional

kurtosis ax of the A-step process ,h,, and the parameters and unconditional kurtosis of the 8-step
process denoted by ,h,,, where the pre-subscript denotes the step-length. This relationship was

derived by Drost and Nijman (1993), and is given by the following set of equations:8

1= (04 ,8)""
l—(8a+ DB)

A/3

AW = 5 ;AO‘:(BOH'sB) — a8

8 Note that we annualise the GARCH processes (dividing o by the step length) but Drost and Nijman do not.
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A8 is the solution to = where

=(A/8)(1-,8) +2(A/8)(A/8-1)
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The above formulae give the low frequency parameters in terms of the high frequency parameters for
symmetric models. However, to find the continuous limit of this model we are interested in the
inverse relationship: assuming that the parameters for low frequency data are given we derive the

high frequency parameters (and later on their limit), provided they exist.

We therefore assume that the A-step parameters are known and we derive the 5-step parameters for

& < A. Using the above we obtain:

3/A

1-— (Aoc+A§)
1- (Aoc+A{3)

o= (amtap 5P

Ax—=3+28/A
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(2(1+Af§2j_1j8°‘(1—55(w+Aﬁ)ﬁm)li_(iiiig?; _
:([1+AfﬁzJ(l+(Aoc+AB)Z)—(AHAg)]x
1 (1-,8) 1 ( 1 1)[ 2 Jl—(wn@)zz (1_(AOC+AB)26/A+SCXZ)

S/A s/als/n =1 ) 1+ ( ya+ ,B)
" 4((1—(Aoc+ AB)S/A)/(S/A)_(l_(AOH' AB)))BO‘(l_aS(Ao‘+ Ag)S/A)
+ 1—(A0<+A§)26/A

Before deriving the continuous limit of weak GARCH, we need to determine the limits and
convergence speeds of the parameters, as the limiting model will depend on these. In contrast to the
strong GARCH process, where there is some freedom to choose assumptions about parameter
convergence speeds, we now find that it is not possible to make any assumption. Instead the time-
aggregation property of weak GARCH implies unique convergence speeds for all parameters, as the

following proposition shows:

Proposition 1:
The convergence rates for the parameters implied by the weak GARCH model are as follows:

1—( o+
w:lim(A—wj; azlim(A—aj; e=1m(#j; 0 < w,0,0 < 0

alo\ A Alo \/K

Also, the unconditional kurtosis converges to:

. 3
w=lim yx=—F—
Ao 1-a” /6

The proof in the Appendix of this proposition may also be derived from the work of Drost and
Nijman (1996), albeit their results serve a different purpose and they use different notation. In our

notation, they consider the convergence of:

1—(AOC+AB) Aocz
A 1-(,a+,8)

1_€fa/ig) _ (Z_?j[1—<AZ+ As)y

They also show that



converges to a constant, which means that they have convergence for aw / A? whilst we have
convergence for aw / A. This apparent inconsistency is caused by the fact that we annualise the

GARCH processes to make the processes of different step-lengths comparable.

IV. Continuous limit of weak GARCH

The continuous time limit of a model is undoubtedly very important; however, in general it does not
offer equivalence with the discrete time model. Two types of problems might arise. First of all, it can
be that the discretization of the continuous model will give a different model from the original one.
The second problem arises only for models that do not aggregate in time. If the discretization of the
continuous limit will give the same model as the original, then it can be discretized for any frequency,
so we have the same model for all frequencies. But, if the model is not aggregating in time, then we

should have different model specifications for different frequencies — and this is a contradiction.

The question arises: when is it possible to obtain equivalent discrete time and continuous time
models? This is possible only when (1) the original discrete time model is time aggregating, hence the
conflict presented above can be avoided. A second requirement is that (2) the model can be
discretized in the form of the original model. This gives a very strong relationship between discrete
and continuous models as they can be translated with ease into each other. This is a step forward
from deriving continuous time limits for discrete time models as it gives equivalence between the two

types of models.

Many of the papers mentioned above have a common deficiency: when computing the continuous
limit they employ the classical (strong) definition of GARCH that is not aggregating in time. Hence,
the continuous time limit is not equivalent with the original model. The reason is that if the strong
GARCH(1,1) is a valid description of a data for a given frequency, then for any other frequency
GARCH(1,1) will not be the data generating process (DGP).

An argument that decreases the importance of time aggregation is the following: suppose the same
discrete time model, GARCH, is not the data generating process for any frequency, and nor is its
diffusion limit the continuous time DGP. On the other hand, let’s assume that GARCH is a good
approximation to the DGP. In this case time aggregation is slightly less important than if GARCH is
the true DGP. What is essential, however, is that the continuous time limit of the DGP is the same
process as the limit of the GARCH model used. As the frequency of the observations increases, the
estimated GARCH variance will offer a good approximation for the variance of the true process

(Nelson, 1992). Moreover, under certain assumptions, the misspecified GARCH model may perform

10



well for forecasting as well (Nelson, 1995), even if it is not the DGP. However, the above holds only

for high frequencies and only under certain regularity conditions; thus, only as an approximation.

Consider the first two conditional moments and the conditional skewness and kurtosis:

AIkA)
AIkAj

5 2
20 =E (AS(kH)A_AAP'kA) /A
AIkAj

AIkA)

where I, is the c-algebra generated by the vector ( ACkA ) We divide by A when computing the

atra = E( AS(r+1)A /A

ATha = E(( A8(ke)a AN IO )3 /(A3/2 AGZA)

AMa = E((AE(kJrl)A AN )4 /(AZ AGQA)

conditional mean and variance series because these are additive in time (the mean and variance over a
period of length A must be comparable with A times the 1-step mean and variance). Also, the

conditional expectation of the second moment and the kurtosis must be positive.”

We assume that the following limits exist:
V(t):= lirirg Jh,  where L h, = ,h, for RA<t<(k+1)A
pL(t) =pt lirir(} AR, where @, =,y for RASt < (R+1)A

r(t):= lirirg AT, where ,1,:=,7,, for RA <t < (k+1)A

n(t)= lAhiI(} AN, where 7, = 1, for RA<t < (R+1)A

It can be seen that:
2 2 2
E(AE(kH)A /A‘ IkA) = a0k T At

2 2 .
and at least one of the processes ,(,, and ,0,, + A,y — 2h,,  has to be different from zero,

otherwise the process will be a semi-strong GARCH which is not aggregating in time.

9 Drost and Nijman (1993) showed the time aggregation property for symmetric weak GARCH models.
However, for generality, here we consider asymmetric models as well, but it is only symmetric weak models
that aggregate in time.

11



We assume that as the step length A converges to zero, the difference between the conditional
variance and the BLP of the squared residuals, divided by the square root of time step, converges to a

stochastic process, i.c.

o’ — ,h
lim A=A+t =e(t)
alo A
In other words, the BLP of the squared residuals is ‘close’ to the conditional variance process. This
intuitive assumption is necessary to prove our results. This is the only assumption we make and we

consider that it is non-binding because as the time step decreases, the BLP process becomes more

and more informative and so it converges fast to the conditional vatiance, i.e.

V(t)=lAiﬂIg \0. where 0. = 01, forkA<t < (+1A.

Now that we have the convergence speeds and have defined the limits of the parameters and the

series we are ready to state the theorem regarding the continuous limit of GARCH:

Theorem 1: The continuous time limit of the weak GARCH process is the following stochastic
volatility model:
ds(t)
S(t)

AV (t)=(w+ae(t)=0V(t))dt+n(t)—1 2V (t)dB,(t)

= u(t)dt+,/V(t)dB,(t)

where
8, (1) = (6)dB, () 1o () dB,(6)  with o(t) =D,

and t(t) and 7(t) are the instantaneous skewness and kurtosis of returns and Bi and B3 are independent

Brownian motions. The unconditional kurtosis of returns is:

3
n=—
1-a°/6

In the GARCH limit model derived in the theorem above, the drift term p(t) is time varying and

has expectation p. The variance process has a constant rate of mean-reversion 0 and the long-run

level of the variance is:
w+oe(t)
0

12



That this is time varying may at first sight appear inconsistent with the limit of the discrete long-term

variance, aw/ (1 — ao — aB), but it is not. First, the discrete time long-term variance, denoted by , 07,

is not the expression above. It satisfies:
(1= 48) (50" ~(e(t) +o()VA) = yo+ (50" +Ap()’)
which leads to:
, s+ 20 () +(1= ,8)(e(t)+o(1))VA

T—j 0= 4B

NS

Its limit when A { 0 is:
o =1A11J:I(}A02
. A0/ A+ Aocpt(t)2 +(1- jo— AB)(e(t)+o(l))/\/X+ Aoc(e(t)+o(1))/\/z
(1= 2 2)/ 2
_ w+oce(t)
0

Discrete-time weak GARCH processes ate characterized by (1) the existence of a long-term volatility;

(2) mean reversion in the variance process; (3) the variance is stochastic, i.e. it has a non-zero
variance; and (4) non-zero correlation between the variance and the returns processes, if the returns
are asymmetric (have non-zero skewness). As we saw before, all these are properties describe also the

continuous limit above.

Corollary 1: If the conditional mean of the residuals converges to zero and the difference between the

BLP and the conditional variance converges to zero at rate N A, then the continuous time limit of the

weak GARCH process is the following stochastic volatility model:
dS
r ndt + N dB,
dV =(0—-0V)dt+n—1aVdB,

where

T

n—1

dB, =dB, +/1-0” dB, with o=

and the unconditional kurtosis is:

3
n=—
1—-a“/6

Hence the limit reduces to the diffusion derived by Nelson (1990) under the further assumptions

13



T(t) =0, n(t) =3.

In the above stochastic processes the volatility of the vatiance is \/n—1 «V . For given alpha, the

smallest value of the variance diffusion coefficient is ~/2 aV , as in Nelson’s model. More generally

we have 1>3 so that the greater the instantaneous kurtosis, the more volatile is the vatiance
process. Also, the instantaneous correlation between the variance and the returns is directly related
to the instantaneous skewness, and inversely related to the instantaneous kurtosis. These properties

are intuitive and parallel the observed behaviour of implied volatilities in the risk neutral measure: see

for example, Bates (1997, 2000) and Bakshi ez a/. (2003).

14



V. Discretization of the continuous limit of weak GARCH

We are interested in the discretization such that the original GARCH model is returned. First,

assuming a time step of length A, the changes in the independent Brownian motions at time t = kA

can be expressed as:

AB, (kA) =/A Az],(kH)A with Azl,(kH)A - N(O,l)

AB3 (kA) = \/K A£3,(k+1)A with AES,(kH)A - N(O,l)

These are independent variables. Also, we have:

A8()a T 2Via \/ZAgl,(kH)A
A3 (ke1)a =V 2Via \/KAza,(kH)A

S)
O]

®)
©)

Proposition 2: Using approximations (3) —(6) and the parameter specifications below, the

discretization of the continuous time model returns the original GARCH model and the time

aggregation property is preserved:

()

0A

A0=wA

) Aa*(l+e_26A)—2Ab*+(1—e_eA)\/Aa*2 (1+e™) ~4,a b
AB= Z(Aa* eiﬁA—Ab*) with

2
o

2@ =D+ (A)0(0-o)+20" (A=(1-¢)/0)  and Ab*:%(l—e*‘m)

—0A
AX=¢e — B

The unconditional kurtosis is discretized as:

ocZ(GA—(l—e_eA))

0’ A2 (oc2 + ze)

A%=3+6(%—1)

VI. Simulation Results

Figure 1 compares the volatility smile (with zero volatility risk premium) that is generated by

Nelson’s diffusion with those from the more general model. It shows how different values of

instantaneous skewness and kurtosis that give the same instantaneous correlation can influence the

shape of the model implied volatility.
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Figure 1. Volatility smiles generated by the continuous limit of weak GARCH
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The GARCH limit model has considerable flexibility to fit a volatility smile surface though a suitable
parameterization of the instantaneous skew and kurtosis functions. Figure 1 (B), for instance, depicts
model implied volatility curves when the instantaneous skewness and kurtosis functions are

decreasing linearly with time in absolute value.

Figure 2 compares the simulations from four volatility diffusions, with all four simulations are driven
by the same realizations for the Brownian motions By and B,. The simulations are based on the
Heston model, the strong GARCH diffusion, the weak GARCH diffusion with a shallow skew, and
the weak GARCH diffusion with a deep skew. The model parameters are set as in Table 1, and the

Heston model is parameterized as
dV =¢(m-V) dt+E\/V(QdB1 +4/1-¢’ de).

Table 1 Parameters used in simulations

Heston parameters Value | GARCH parameters Annual Daily
Long run volatility mi/2 | 15% © 28x10° | 1.5x10°
Spot volatility VVo | 200 o 1.2374 0.06477
Vol-of-vol & 35% B 0.91879
Mean reversion ¢ 6 0 0.01644

In both the weak GARCH models we assume that the price—volatility correlation is —0.75 but in the
strong GARCH of course, the price—volatility correlation is zero.!® We remark that in the weak
GARCH diffusion there are infinitely many possible choices of skewness and kurtosis that give a
price—volatility correlation of —0.75. For the weak GARCH diffusion with shallow skew we assume
the kurtosis is 5 and the skewness is —1.5, and for the weak GARCH diffusion with deep skew we

assume the kuttosis is 7 and the skewness is —1.837.

The strong GARCH volatility is very different from the Heston volatility in every simulation, not just
the one shown in Figure 2. This is primarily because the price—volatility correlation is zero in the
strong GARCH process. The two weak GARCH model simulations are always closer to the Heston
model simulations, but which of the two weak GARCH simulations is closest to the Heston model

depends on the simulations.

10 As for Figure II1.3.24 we have used a crude method to ensure the discretization always has positive variance.
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Figure 2 Comparison of GARCH and Heston volatility simulations
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VII. Calibration results

[This section has not yet been written|

VIII. Conclusions

The derivation of the continuous time limit of a discrete time model volatility process is an important
to link between the two option pricing schools which have, for the most part, developed quite
separate frameworks. This paper derives the continuous limit of the ‘vanilla’ version of the discrete
time volatility process that has become ubiquitous in financial econometrics, but we have shown that

for this is it necessary to take the weak rather than the strong version of the model.

In fact, this research was originally tangential to our original agenda, which was to derive the
continuous limit of the ‘queen’ of GARCH processes, i.e. the Markov switching GARCH. In a
forthcoming paper we show that this model has a continuous limit where the stochastic volatility
process jumps between two volatility states. However, in order to derive this limit we first needed to
re-derive the limit of ‘vanilla’ GARCH, since much controversy surrounded this in the econometrics

literature.
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Previous work on the continuous limit of GARCH has examined the strong GARCH model. But
there are four major problems with the strong GARCH diffusion:

1. The strong GARCH process is not time aggregating. This means that if we generate a
GARCH process at one discrete time frequency and then resample the process at another
frequency the result is not another GARCH process. Lack of time aggregation is a real
problem because one has to assume time aggregation to detive the continuous limit of any
model, and without time aggregation it makes no sense to derive a continuous limit.

2. The limit may only be derived when one is prepared to make a specific assumption about the
convergence behaviour of the GARCH parameters and other assumptions lead to different
(not necessarily stochastic) limits.

3. Any discretization of the strong GARCH diffusion is not a GARCH model.

4. 'The fact that the Brownian motions are independent means that the model has very limited
applicability, because very few financial markets have zero price—volatility correlation, i.e.

symmetric volatility smiles.

This paper has studied the continuous limit of the weak GARCH process. This version of the
GARCH is time aggregating and it implies the convergence rates for parameters; there is no
uncertainty about these (they follow from the definition) and the limit model derived here is unique.
We showed that the continuous time model corresponding to the weak GARCH is a stochastic
variance process with correlated Brownian motions in which the variance diffusion coefficient and
the price-volatility correlation are related to both the instantaneous kurtosis and the instantaneous
skewness. This limit model reduces to Nelson’s GARCH diffusion only when the conditional mean,
skewness and excess kurtosis converge to zero and the difference between the GARCH BLP process
and the conditional variance converges to zero with the square root of the step-length. A
discretization of this process that returns the original weak GARCH model is given. When we have a
discretization of the continuous model that is the same as the original specification, then the two
models are equivalent, i.e. they can be transformed into each other. This has many advantages,
offering a bridge between the two different wotlds. Finally, by comparing simulations from strong
and weak GARCH diffusion processes we show that the non-zero price-volatility correlation is
important; and finally calibrations to market prices of liquid options show how the additional

skewness and kurtosis parameters enhance the model calibration for short maturity options.

19



Appendix
Proof of Proposition 1:

We have that:

(BOH' 85)1/8 = (AOH' AB)UA

Since this expression is independent of the step-length, it must be a constant between 0 and 1; we

denote it by e with 6 > 0. This leads to aat 8= e ™ which gives:
1—( o+ 1—e ™
lim (MJ =lim (L =0
Alo A alo A

5@ AW

Furthermore:

—05 —0A
1—e 1—e

and this is also independent of the step-length, so it must be a positive constant. We denote it by

w/0, where o > 0, so that ,0 =0 (1 —e ™ ) / 0. As a result, we have the following convergence:

lim( 22 )= wlim[ 175 | /0=
roit] QN Bit] Y -

Based on the formula for kuttosis, we can write:

w=1+ Ax=3+25/A
3 é 6(A(1—e—68)/8—(1—e—%)) 8“(1_9_268)/8+50<2/8—50<2(1—e_98)/8
A N ((l—e‘%)/g)z (1—6_268)/8+5062/8

Taking the limit when & 4 0, we have (using s a \2 0):

an=3

. (Ae—(l—e—“)) 1

IS (2
(26/1§£1()1(6o< /8)+1)

v=lim  x=1+
340

Taking the limit on the RHS as A { 0 gives:
— _ : 2
3% =3+(x 3)(26/15101(80( /8)+1)

This can be further expressed as:
3
n= : P
1—%%(?,0( /8)/6
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The limit of the unconditional kurtosis needs to be finite and positive. This forces liﬁn ( Socz / 8) <0.
340

As a consequence, % cannot be equal to 1.
To see the exact speed of convergence for s we proceed in the following way: First assume the limit

below exists (with w unknown):

) .
o:=lm| > | with0 <a <o
sdo | %

Then write

T—e?” — a(l—e ™)+« 1—e¢2%
lim =)+ =1im( : j+lim(8—aJ€(0,OO)
83’

340 & 840 &Y 840
1—e2® 4 o2 1— 20 2
h?l( 5 5% Zli£n ; +li1i’n - E(0,0o)forz = min (2w, 1)
30 z 30 z 340 z

Also, we have that:

A -203 -08 1—e A ~26A —0A
(2(”;2}—1}8@(1% —a(l-e )+5a)1_e_205Z([Hfﬁzj(lﬂ )—e jx

1 —65 2 1 1 2 1-e™” 205 2
sal e +80()+8/A(8/A_1j(5k—1](1+e65](1_6 +i)
x
((l—e_%)/(S/A)—(l—e_eA))80((1—6_268—Sa(l—e_98)+80()

205
1—e

+4

Multiplying this by 8™ (unless w = Y2) and computing the limit as & tends to zero leads to:

1—e 2% 4
2 A—Bz —1|(1-e™ )alim | ———2% L J | A (e )= |
1+, 840 8’ 26 1+ ,B
2
1—e® 1 12 2
Alim(S”y)[limie—wB +A26]jm(8"y”)(—j]jm£e—z+5a
340 840 &7 840 k—1) 8o S

+%(A6_(1_eM))“Eff}[l_e_:j + 50(]
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The LHS is finite; if w > Y2 then the RHS is infinite, which is a contradiction, so w < %.. But on the

other hand, 11?1(80(2 /8) <0, which implies w = V2. So, the solution is w = "2 and this sets the
540

convergence of a to be with the square root of the time-step. o

Proof of Theorem 1: We employ the convergence theorem for stochastic difference equations to
stochastic differential equations given by Nelson (1990). The convergence theorem applies if we can
show that the conditional first and second moments of the percentage returns process and the
changes in the variance process, and their conditional covariance, converge as the step-length

decreases to zero. For the returns process we have:

k.

S -S
- (k+1)A kA _
El A l(—J Ly :H+E(A 18(k+l)A | IkA)=F*+HkA
A

and!!

S =S ) 2
“1| Pk)a T Pra
E Al(—J I, =E(A (Ap+epn)
A

k

IkAj=

I )+0(1)=

=0pp + Ay +°(1) =hy +(05A _hkA)+O(1) =hya +°(l)

—E(Ap +Ae k At 2ue

o[l ) = E(&7¢

+1)A (k+1)A (k+1)A

so as A 4 0 the conditional first and second moments per unit time converge to pL(t) and V(t)

respectively. For the variance process we have:

E (Ail (h(k+1)A —hys ) L, ) =

=A_(‘0_(1_AOC_AB)hk A
A

A A \/Z(GiA
N (1_ A%~ AB)

— A
=N hys +

o
A A \/Z (GkA

and this converges to w + oce(t) - GV(t) by proposition 1. The variance of the variance component

kA)/\/K—i__A o=

kA)/\/_"'O( )

is:

11 9(1) denotes a process that converges to zero when A 1o (0is called the Landau symbol).
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( k+1 A IkAj =

=Bl & (Lot (< /) (8- 1) ) L

R € M)A/A) # A7 (3B1) Ry + 287 oy /A)+

+2A1A0‘)(A§ 1)hkA +2A1AO((AB 1)( (k+1)A/A) kA

I |=

RA

N o (s /D) A7 (B1) B 207 (B 1)+
+2A7" o B— )(okA—hkA+ApLiA)h
)E( 87 (=00 sa= a8 a1 )+o(1) =
) E( A" by |1y )+o(1)=

=A" AO‘Z (E(( AOZA)(EﬁkH)A /(AZ AO;;A ))_ th L ))+ 0(1)

The covariance between the returns and the changes in the variances converges as follows:

RN

= ( (Ap+ek+1 )(Aw+ oc:—:(k+1 /A+(,B-1) kA) IkA)z
E((A“( kt1)A /AZ) (aB=1)hyy ( E(k+1)a /A)) )+°(1):
((Ao‘/\/_)( GkA)( (k+1)A /(AS/2 : )) IkA)+O(1)

:E IkA +0(1):

=A_1A0( ( k+1 /AZ

=A_1A0(2( k+1 /AZ

The limits of the expected squared terms and cross-product derived above define the following

covariance matrix of the continuous process:

A(t)L V(t) ocV(t)B/ZT(t)J
ocV(t)mr(t) ocZV(t)Z(n(t)—l)

The parameters of the variance diffusion are given by the elements of the Cholesky matrix of A.

Therefore set

C(t)C(t) = A(t)
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cy (t) 0

with C(t)z(cm(t) 00 (6)

] . 'The solution is:

()= Vs () =aV (et en()=aV(O)nl)-1—x() o

Proof of Proposition 2:
Part A: Parameter discretization

We use the notation:

wA(l_e—eA)

AW=

—0A
ax=e T —,B

~ Aa*(l+e_2m)—2Ab*+(1—e_eA)\/Aa*2 (l+e_eA)2—4Aa*Ab* "
2P 2oa e b v

2@ =D+ N0(0-0")+20° (A= (1-¢)/0) and Ab*=;‘—;(1—e‘m)

The discretization of 0 and w is based on the following definitions:

Lo+ B=e’t
1—g 0
AwaA—( )
0 A

The discretization of a and B is slightly more complex. We already saw that the unconditional
kurtosis for a given frequency A can be expressed as a function of the parameters at an arbitrary

higher frequency 8 as in:
— 4
A/B
)((A/S)(l—(ﬁoc+ 85))—(1—(§oc+ 5L%)A/&)),Soc(l—(goc+ SB)Z + 8oc(80c+ 8{3))

(8/8) (1= 2= ,8)" (1= (s + ,8) + Bocz)

At =3+

+6(8%—1

24



Denoting the limit of the unconditional kurtosis by » := h?l s, We get:
540

oﬂ(eA—(1—e*‘ﬂA))

0’ A (oc2 + ze)

A%=3+6(%—l)

where the limit of the unconditional kurtosis is given by:
3 _ 3
: 2 T2
L-lim( o’ /8)/6 1-o’/0

Also, we know that for any two time steps A > §, A is the solution to

N A“(a“+aB)A/6_Ab
1+ .8 Aa(1+(8a+85)2A/8)—2Ab

where

(1= 0= ,8)" (1= (oot ,B) "+ )
(x=1)(1-(2+,8)’)
((A/S)( (o +,8))—(1- 80(+8[3A/B))Sa(l—gﬁ(5a+8{3))
1-(yat ,B)

=(A/8)(1-,8)" +2(A/8)(A/3-1)

+

+4

1= (o4 ,8)""

1-(yat ,B)

We want a discretization that ensures that the above relationship will still hold. By taking the limits of

and ,b= (80(_ 5“55(30“" 55))

the last two equations when & converges to zero, we obtain that:

2

20 =lim ya=Ao’+(8) 6(0-a")+22° (A=(1-¢")/0) ;b :=1lim Ab=;‘—6(1—e‘m)

This means that we can discretize the continuous model by solving the following equation:

* _PA *
B aa e —,b

1+A{32 - Aa* (1+e_26A)—2Ab*

First, we have to make sure that this will have solutions, and then we have to show that there is a
unique solution between zero and one. Let’s consider the function whose roots we want to find:

* ~26A *
a (1+e7™)=2,b

DTS x+1
AG € A

)=t
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Aa* (1+e_26A)—2Ab*

P—N - . If we show that the
aa e —,b

This has two roots x12 whete x1 x2 = 1 and x1 + x» =

sum of the roots is positive, then both roots will be positive, but only one will be smaller than 1.
First, for the existence it is enough to show that:

* -20A *

sa (1+e)=2,b

PN *
aa e - —,b

>2

* —6A * i, . . . .
If ,a e = —,b ispositive, then the above is equivalent to (because ,a is positive):

(1—e_ﬂA )2 >0

which is obviously true.

6A

Therefore, all we need to show is that Aa* e - Ab* > 0. This is equivalent to:

—20A

2 1—e ™ 1—e
eI A+(A) 0(0/a? - A—
( +(4) ( /o 1)+2[ ; D> 20

60A+2(A) 07 /o” +5¢7™ > ™ +207(A) +4

Both sides converge to 5 when A — 0, but we have to show that the left hand side converges faster.

The above is equivalent with the following relationship between the first order derivatives:
6O+4A0° /o —50e™" > 0e™ +467A
Again, the two sides have the same limit when A converges to zero. For the above we need the
following relationship (between the derivatives of the two sides with respect to A) to hold:
40° /o’ +50% " > 0%" +40°
This holds for small values of A because the relationship between the limits of the two sides is:
46’ / o +506° > 567

A

and this is obviously true. Thus, we showed that ,a e o Wb >0, so for any small step A close

enough to zero there will always be a unique solution for 4 § between zero and one that satisfies:

£ oA x
B a2 e —,b

1+A§2 - Aa*(l-}-efzeA)—ZAb*

The solution is:
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. Aa*(lJre*Z*’A)—zAb*_ pa (1+e™™)=2,b" i ljan

* _OA * * —0A *
aa e —,b pa e —,b

wa (14?2, 4y (1-e ) —da'b (1- )

Part B: Discretization of the model returns original weak GARCH

The continuous time process is:

d—S: pmlt+\/VaIB1
S

dV =(w—0V)dt+atVdB, +ay/n—7"—1V dB,

The independent Brownians dB1 and dB3 are discretized as:

AB, (kA) = Ja sEigna With & pa N(0,1) )

AB, (kA) =/A Az3,(k+1)A with AEB,(kH)A - N(O’l) (8)

Also, we have:

k+1 =Aa kA \/_ zl J(k+1)A (9)
J(R+1)A V kA \/7 E J(R+1)A (10)

Thus, the first equation can be discretized as:

S -S
(R+1)A kA
ln( k+1)A /SkA) e TRAS 28(k+1)a
Sia
There is no loss of generality assuming the following:
A E1,(k+1)A —1

A E3,(k+1)A - T

This will not follow an exact normal distribution (instead, it is derived from the chi-square
distribution). However, we show that it satisfies the basic properties of the B3 Brownian motion: zero

mean, variance of 1, and independence from Bi:
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E( A 23,(;&1)4& ) =0

gt —2,% +1) 3-241
ASL(k+1)A ABL(k+1)A
Var( A£3)(k+1)A) = E( Azi,(kH)A) = EL 2 J - 2 =1

EZ -1
ASL(R+1)A

E\ A€ ina a2 uma |=El 28— |=0
(A L(k+1)A AS3(k 1)A) (A 1,(k+1)A [>

We obtain that:

E( A8(2k+1)A / A|AIkA) = aVia
The parameters are discretized in the following way:
wdt =
0dt > 1—( o+ ,B)

NI > o

The first two discretizations are intuitive because of the following:

wAtzwAt(l_eXp(_e At)) =
0 At

A

0 At~ 1—exp(=6 At)=1—(,a+ ,B)

The processes for the higher moments are discretized as:
t(t) > 41 =1(kA) where RA<t<(k+1)A
n(t) > s =n(kA) where kA<t <(k+1)A

The discrete time vatiance process can be expressed as:

_ 2
2Via = a0+ 40,8, / A+ ABA\/(k—l)A T At

AE
_ kA
At = Ao‘( (k-1)a — s%ia /A)"' 2% 8T ay] aVioa

83 kA

+ AO(\/AY](h—])A - T (k -1)A

So far we considered the conditional variance; however, the value of interest here is not this, but the

BLP of the squared residuals. We define the following process:
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sla = aVia — ZO AF AU%(-j)a
iz
It is easy to see that this follows the GARCH process below:
2
sl = a0+ ya e, /A+ ABAh(k—l)A

We have to show that ,h,, is the BLP of , (k A L/ A (in order to have a weak GARCH

specification). This requires showing that:

E((sefins /A= sha) a8l )=0 20 r=0,1,2
We already know that the following is true:

E((sefins /A= aVis) sSns) =0 120 r=0,1,2

Thus, we need to show that:
[( AFSA AjA(k)jﬂ) i20 r=0,1,2

E(AU(H)A Aegk_i)A) =0 i,j20 r=0,1,2

Or, equivalently:

This can be decomposed into the following:

E A’S(Tkﬂ-)A =0 4,j=20 r=0,1,2 (11)

A%(k-j)a

T a%AT(jor)a Av(k—,-—l)A JA

E( Aoc\/An(k_i_l) L Vi — 2 ]:0 1j>0 r=0,1,2(12)

The last equation is obviously true due to the independence of the two error terms. Equation (11) is
satisfied for r = 0 always, for r = 1 when i # j, and for r = 2 when i > j. Thus, we need to prove this
forr =1and i =j, and forr = 2 and i <j. We ignore the proof for r = 2, and below is the proof that
equation (11) is satisfied for r = 1 and i = j:

We have to show that:
Aoc( sViions ~ €2 , /A)+
E AE I)A =0 120

1)A
T 2% AT (micn)a k i-1)A
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This 1s equivalent to:

A8(k-i)a .
E((( A\/(k—i—l)A - AS(Zk—i)A /A) T ATy A\/(k—i—l)A Tj Ae(ki)AJ =0 i20

Or

2
A8 (k-i)a .
E {( A\/(k—i—l)A A8(r-i)a Ae(Sk—i)A /A) T AT (hmicn)a AV(k—i—1)A JA ] =0 i20

'This reduces to:

A8(r-i)a
E|E (A\/(k—i—l)A AS(r-i)a — Ag(ak—i)A /A) T aTeionaqy A\/(k—z‘—1)A JA A

We know that:

E ( A%(r+1)a| A

E( 28(k+1)a ) aVia

E( Agz)kH)A / (A3/2 AVk3/2

AIkA ) AVkA

E( e(kH /(A2 VkZA) IA):AYM
We get:
E( afns] aliin )= AV
/ /
E(Ae(ie—l) I(k i-1)A ) N Vizl 1A A (k-i-1)a

I(k —i-1)A ) N V(i i-1)a AN(k-i1)a

Thus we need to show that:

E(_Al/z VZ/% Da aT-i-a T +A7 Vk i—1)A \,A\/(k—i—l)A At(k—i—l)A) =0 i20

Which is obviously true.

Thus, we showed that ,h,, is the BLP of 8 (kt1)a / A so we have a weak GARCH specification.
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Part C: Time aggregation property is preserved

The time aggregation property is preserved, as we shall see in the following. First, it is easy to see that

the two expressions below hold:

AX= (aOH' sﬁ)A/g — B

A/8

1—(0+,8)
1—(8oc+8§)

AW =

Then, we know that for any time step A we have:

wa (1e™)=2,b + (1) a (14e ™) —d 40 b
Z(Aa* e — Ab*)

AB=

with
2@ = A0+ 0(0-0")+ 20 (A=(1-¢")/6) and Ab*zz—;(l—em)_

This means that the following equation holds:

* 76A *
AB aae —,b

1+A{32 - Aa*(1+e720A)—2Ab*

Also, we know that, for any A:

az(eA—(l—e*‘)A))

=3+6(x—1 ith x =——
ax=3+0(x1) 0°A° (o +26) M o
We need to prove the following two identities:
A%:3+8% S,
A/S
y 1)((A/8)(1—(80<+85))—(1—(8a+SB)A/S))ﬁa(l—(5a+SB)2+8oc(Soc+8§))
+6( % —
(A/8) (1= ju=,B) (1=(s+,8) +
and

N _ Aa(8a+BB)A/8_Ab
14,8 Aa(l+(8a+5{3)2A/8)—2Ab

where the following notation is used:
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(1= 2= ) (1= (ot 1) + o)
(x=1)(1=(o+,8))
((A/ES —(,a+,8)) (1 a+8§‘”8)) o(1-,8(,a+ ,B8))
1- (8a+5§)

=(A/8)(1-,8) +2(a/8)(A/5-1)

+

+4

and

1—(o+ SB)ZM
1—(Soc+ BB)Z '

ab= (ao‘_ 50‘5@(50“" 65))

The first expression that we need to prove is equivalent to:
(%_1)0(2 (l_e—ea )2 (1_e—295 + 80(2):
(28262 (o +20) +6(—1)o (051 —e_%))) sa(1=e™ + ae™)

This further simplifies to:

which can be reduced to:

P (80<2 +8%6(0—o )+ 207 (8—(1—e‘98)/6))e'65 —a?(1-e7") /26

1+,6° B (80(2 +826(6—oc2)+20<2 (8—(1—(68)/6))(1+e_2%)—20<2 (1—6_2%)/26

This expression holds, so we just showed that the kurtosis is time aggregating.

Using the notation:
1+ ,p°
50

A=

the second expression simplifies to showing that:

~ —0A 7
AB _ ade —,b

1+,8° A&(1+e‘26A)—2Ab

where
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N4

+

(1 —e ™ )2 (A —2e708) 5B
(ye=1)(1-¢")

(A/8)(A-2),B+2(A/3)(A/5-1)

JN@70) (=) (1= ) ma- (1))

205
1—e

204
1—e

b= (e‘%A—(1+e‘298)) sﬁl_e—_z%

This can be reduced to showing that:

>
QN

>
Q

>

1S

>
S

which simplifies to the expression below:

2A(A-38)07(0-o)

(1-¢) (a-2e)

(26282 (6-o2)+ 602 (68—(1—(”5))) "

(a2 7 el a5 e fema(1ee)

(e a-(1+e™))

i (Aoc2 +Aze(e—a2)+2oc2(A—(1—e*‘”)/e))

o’ /26

Furthermore, using simple algebra, this can be expressed as:

A26(6—o<2)oc2

+A

(1—e ™) (A-2¢") )
(2078 (0-a)+ 60" (05— (1-¢™)) ) (e A= (14¢7))

“Z[<

—56(

A2 1_e 2% 1™
/204202 ——|/0-
e—esA_(l+e—2ea)) S S

(1-e ™) (A-2¢")

0=s)o (2087 (0-a)+ 62 (03— (1-)) ) (e A= (1+¢7"))

e (1-e) /0=

=A26(6—oc2)+3Aoc2 —zaz(l—e“)/e




Matching terms on both sides of the equation that contain A and A2, this reduces to showing the

following two expressions:
o (1—e_%)2 (A—Ze_%) ~

(26282 (0-a?)+6a (08 —(1-¢™ )))(e*%A ~(1+¢)) B

A-2 1—e % 1—e™
[(e%A—(1+e268))J( 5 j/26+2[ 5 j/e_

—50(0—-a”) (1—e ™) (A-2¢") By
(2078 (0-a)+ 60" (05— (1-¢™)) ) (e A= (14¢7))

and

The first one reduces to:
(2784087 (0o )+ 20 (8= (1-¢7) /0) ) (1+¢7 )= 20" (1-7") / 20
(oc28+682 (6-a?)+ 25 (8—(1—("5)/6))6% o (1) /20

A=
which is obviously satisfied.

The second expression can be further expressed as:
(A-2)(20%" (0o )+ 6 (03— (1-¢)))(1-7") / 20
Hema(1+e2))2(1-e) (20 (0- o )+ 67 (03— (1-™))) /0
~(A-2¢")5%0(0—0)(1-¢ ") =
= (e A= (14e7™))35( 207 (0- o) + 62 (03— (1-™)) )

By expressing A in this expression, this reduces to:

N 6(c™ +86—1)((oc28+682 (0= )+20 (8= (1=¢7") /0) ) (147" ) -2 (1—5295)/26)

6(e™ +86—1)((o<28+682 (6—a”)+2¢7 (8—(1—5%)/6))5% —o? (1—(268)/26)

which is obviously true.
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