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Abstract

This paper introduces a new class of generalized beta-generated distributions
that have very flexible shapes and tractable properties. Their quantiles and
moments have a simple closed form and they are maximum entropy distri-
butions under three simple conditions. Two special cases are the classical
beta-generated and the Kumaraswamy-generated distributions. An attractive
feature of generalized beta-normal distributions is that the three generalized
beta parameters afford greater control over the weights in both tails and in the
centre of the generated distribution, compared with the classical beta-normal
distribution.
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1 Motivation

The classical beta distribution B(p, ¢) may be characterized by its density function:
fe(wip,q) = B(p,) M1 - )", 0<u <], (1)

where B(p,q) = I'(p)['(¢)/T'(p + q) represent the beta function, I'(-) the gamma
function, and the two parameters p and ¢ are such that p,q > 0. Although it has
only two parameters, the beta density accommodates a very wide variety of shapes
including (for p = ¢ = 1) the standard uniform distribution U0, 1]. The beta density
is symmetric iff p = ¢, is unimodal when p,¢q > 1 and ‘U’ shaped when p,q < 1. It
has positive skew when p < ¢ and negative skew when p > gq.

The first distribution of the beta-generated class was the beta-normal distribu-
tion introduced by Eugene, Lee and Famoye (2002). Denote the standard normal
distribution and density functions by ®(.) and ¢(.) respectively, and let X = &~(U)
with U ~ B(p, q). Then X has a beta-normal distribution BN/ (p, ¢; 0, 1) with density

function:
fen(x;p,4,0,1) = B(p,q) ' o(2)[@(2) P71 — @(2)]*7), —co<z<oo (2)

If X ~ BN(p,q0,1) then Y = ¢X + p ~ BN(p,q; u,0) has the non-standard
beta-normal distribution with N(p, 0?) parent. That is, Y has density function

fin(y:p.0.1,0) = 0 B(p.q) ao(*_F)e(t Ly - et B (@3)

The beta-normal density is symmetric iff p = ¢. It has negative skewness when
p < q and positive skewness when p > q¢. When p = ¢ > 1 the beta-normal
distribution has positive excess kurtosis and when p = ¢ < 1 it has negative excess
kurtosis, as demonstrated by Eugene, Lee and Famoye (2002).

However, using the beta-normal distribution has very limited values for both
skewness and kurtosis coefficients. Eugene, Lee and Famoye (2002) tabulate the
mean, variance, skewness and kurtosis of BN (p, ¢; 0, 1) for some particular values of

p and g between 0.05 and 100. The skewness always lies in the interval (—1,1) and



the largest kurtosis value found is 4.1825 (for p = 100 and ¢ = 0.1 and vice versa).
These results also apply to general beta-normal distributions as their skewness and
kurtosis is the same as for standard beta-normal distributions with the same p and
q. They show that the only way to gain even a modest degree of excess kurtosis is
to skew the distribution as far as possible.

Changing the parent distribution so that it is no longer normal offers more
flexibility. Replacing ® in (4) by any other parent distribution F' yields the general
class of beta-generated distributions introduction by Jones (2004). These may be

characterized by their density function
fog = B(p, o) f(2)[F(2)' 'L = F(2)]"",  x€T, (4)

where F'(x) is the parent distribution function and f(x) is its density. Jones (2004)
concentrates on the cases where F' is symmetric about zero with no free parameters
other than location and scale and where Z is the whole real line. With a symmetric
parent p and ¢ control the degree of skewness introduced, with sign equal to the
sign of p — q. Tail weight is also governed by p and ¢: when p = ¢ = 1 tails have
the same weight as the parent and tails become lighter as p increases and heavier
as ¢ decreases.

Beta-generated distributions with more general parents have been studied by
Nadarajah and Kotz (2004, 2005), Akinsete, Famoye and Leeb (2008), Zografos
and Balakrishnan (2009) and Barreto-Souza, Cordeiro and Simas (2010). Jones and
Larsen (2004) and Arnold, Castillo and Sarabia (2006) introduce the multivariate
beta-generated class. Some practical applications of these distributions have been
considered: Jones and Larsen (2004) fit skewed ¢ and log F' distributions, which
Jones (2004) shows are special cases of beta-generated distributions, to tempera-
ture data; Akinsete, Famoye and Leeb (2008) apply the beta-Pareto distribution to
flood data; Razzaghi (2009) applies the beta-normal distribution to dose-response
modeling.

The shapes of beta-generated distributions are more flexible than the beta-
normal. However, they seem unable to add much to the kurtosis of the parent
unless an extreme skew is introduced. To demonstrate this, Table 1 gives the kur-

tosis of a beta-Student t distribution with p = ¢ and where the parent Student ¢



Degrees of Freedom

p = q | Normal (o0) 10 6

0.1 2.35200 - -

1 3 4 6
2 3.03473 3.39126  3.75263
2.5 3.03417 3.30010 3.54652
5 3.02326 3.13801 3.22959
7 3.01776 3.09621 3.15660
7.5 3.01675 3.08943  3.14506
10 3.01300 3.06611  3.10599
100 3.00141 3.00635  3.00990
1000 3.00014 3.00063 3.00098
10000 3.00001 3.00006 3.00010
1000000 3.00000 3.00001  3.00001

disrtibution has 6, 10 and oo degrees of freedom. With the normal generator, the
values shown in the column headed ‘normal’ display a very modest degree of excess
kurtosis, and only when p = ¢ > 1. With the Student ¢ generators having 10 and
6 degrees of freedom, the maximum kurtosis is obtained when p = ¢ = 1 and when
p = q > 1 the kurtosis of the generated distribution declines rapidly to 3 as p and
q increase.!

Classical beta-generated distributions are limited in two respects. Firstly, for
many choices of parent the computations of quantiles and moments can become
rather complex. And secondly, the classical beta distribution has only two param-
eters and so it can add only a limited structure to the generated distribution. For
instance, a beta-generated distribution may have problems to capture the behaviour
of random variables with symmetric but highly leptokurtic distributions. Whilst the
beta parameters offer explicit control over skewness when the parent is symmetric,
they have less control over higher moments such as kurtosis. Jones (2004) describes
the tail weight of beta-generated distribution when the parent has exponential,

power and normal tails, but it is not clear how his results translate into kurtosis.?

"When p = ¢ < 1 the numerical integration of the fourth order moment fails, except in the
normal case (i.e. infinite degrees of freedom), indicated by the ‘~’ in the table.

2In the first case, the exponential tails remain. In the power tail case the tail weight is propor-
tional to |z|P9~1 and in the normal case the tails are proportional to |x|!1=¢ exp(—a%) with a = ¢



This paper takes a different approach to much of the literature so far: rather than
retaining a classical beta generator and considering more flexible parent distribu-
tions than the normal, we propose the use of a more flexible generator distribution.
In particular, our generator is the generalized beta distribution of the first kind, de-
noted GB(a,p,q). Special cases of generalized beta-generated (GBG) distributions
include the classical beta-generated and the Kumaraswamy generated distributions.
We show that the generalized beta-normal (GBN) distribution and the more gen-
eral class of GBG distributions have tractable properties. In particular, they have
closed-form quantiles and moments and they are maximum entropy distributions

under three fairly general constraints.

2 The GBG distribution and its properties

The generalized beta distribution of the first kind was introduced by McDonald
(1984). It may be characterized by its density function

fos(u;a,p,q) = B(p,q) au (1 —u®)? Y, 0<u<l. (5)

Two important special cases are the classical beta distribution (¢ = 1), and the
Kumaraswamy distribution (p = 1). The distribution of Kumaraswamy (1980) is
commonly termed the ‘minimax’ distribution. Jones (2009) advocates its tractabil-
ity, especially in simulations because its quantile function takes a simple form, and
its pedagogical appeal relative to the classical beta distribution. Indeed, it has
more desirable generator properties than the classical beta distribution when used
in conjunction with a normal parent, as we shall see below.

The beta-generated distributions described in Section 1 are now extended to
a more general class of generalized beta-generated (GBG) distributions. Given a
parent distribution F(z), x € Z with density f(z), the GBG density takes the form

fasg(wia,p,q) = B(p, @)~ f(@)[aF ()" (1 = F(x)")""], z € L. (6)

Two important special cases are the beta-generated distribution (¢ = 1), and the

for the upper tail and a = p for the lower tail.



Kumaraswamy generated distribution (p = 1). It follows immediately from (6) that
the GBG with parent F(z) is a standard beta-generated distribution with parent
F(z)*. This simple transformation facilitates the computatation of many of its

properties.

2.1 Cumulative distribution and quantile functions

Let X be a GBG distribution with pdf (6), which will be represented by X ~
GBG(a,p,q, F). The random variable X admits the simple stochastic representation,

X = F~HUY), (7)

where U ~ B(p, q). Using the transformation (7), the cumulative distribution func-

tion of (6) may be written:

Fgpg(w;a,p,q) = I(F(x)";p,q), (8)

where I(x;p,q) denotes the incomplete beta ratio function.

The quantile function of a GBG distribution is given by

1/a

Qosg(wia,p,q, F) = F [T (wip,9)] '], (9)

where I~*(u; p, q) represents the inverse of the incomplete beta ratio function.
We remark than when either p or ¢ is an integer (8) may be written in series

form. In particular, if ¢ is an integer:

q—1

p + q- 1 a -r— alr

Fgpg(z;a,p,q) = Z( . )F(z) (ra=r=D[1 — F(x)"]".
r=0

Alternatively, if p is an integer then

Fovolsia.p.0) =1 3 (p o T)qu — Py,

r=0 r



2.2 Moments

The moments of (6) may be obtained using representation (7).3 If X ~ GBG(a,p,q, F)
and U ~ B(p, q) we have

EX"] = E{[F'(U"")]"}

= Bp.g)" [ [F @) ar (12", (10)

A simple approximation to integral (10) can be obtained upon expanding F~!(x) in

a Taylor series around the point E(Xp) = up:

500y = 52 (1) 0 e e oy () 2 )

k=0 i=0 B (pa Q)

where F~'0(z) = L F~1(z) = [f(F~'(z))]~'. Moreover,

I (1)
Bl - FOx1Y = DR (12)
BIP(XYQL - PO = BOp s (13)

The relationships (11) — (13) may be used to obtain initial estimators for the pa-
rameters p and ¢ assuming a is known and F' is given. In particular, considering
(11) with r = @ and (13) with r = @ and s = 1 we have:

E[F(X)"] = pﬁ¢ (14)
E[F(X)'[1 - F(X)]] = @+@£iq+m' (15)

3Other kinds of moments related to the L-moments of Hosking (1990) may also be obtained in
closed form.




Solving (14) and (15) for p and ¢ yields

uv

L e g (16)

where u = F[F(X)%] and v = E[F(X)*[1 — F(X)"]].

2.3 Some special cases

Finally, we include some examples of generalized beta-generated distributions.

(a) Generalized beta-normal distributions
Taking F' to be a standard normal distribution we define the generalized beta-normal

distribution by its density function

ad(x)P(x)* 1 — d(x)"]""
B(p,q) ’

f(z;a,p,q) = —00 < T < 00, (18)
where ¢(-) and ®(-) represent the density and distribution functions of the standard
normal distribution. If we set @ = 1 in (18) we obtain the beta-normal distribution
proposed by Eugene et al. (2002). When a, p and ¢ are integers, the moments of
(18) can be obtained in terms of the Lauricella function of type A (Exton, 1978)
using the methodology proposed by Nadarajah (2008).

(b) Generalized beta-lognormal distributions
Taking F' to be a standard lognormal distribution with distribution function F'(z) =
®(log z) we characterize the generalized beta-lognormal distribution by its distribu-

tion

ad(log z)®(log z)* 11 — ®(log x)*)e
zB(p, q) ’

f(zia,p,q) = 0< < oo. (19)

Again, when a, p and ¢ are integers, the moments of (19) can be obtain as a finite

sum of the Lauricella function of type A.



(c) Generalized beta-skewed-t distributions
Let X be a scaled Student t distribution on 2 degrees of freedom with scaled
factor {/\/2 and distribution

X

where A = p + ¢. Taking (20) as F' in (6) we obtain a class of density functions

), —00 < T < 00, (20)

defined as follows:

£ ) Aa 1 L+ x ap—1 ) 1 L+ x eyt
T;a,p,q) = — - S ,
P = 5w B(p, q) (A + 22)57 VA + 2?2 20 VA 22
(21)

where —oo < & < oo and A = p + ¢. T'wo special cases deserve our attention:

e When a = 1 and p = ¢ we obtain a Student ¢ distribution with 2p degrees of

freedom.

e When a = 1 we obtain the skewed ¢(p, ¢) distribution proposed by Jones and
Faddy (2003).

(d) Generalized beta-Laplace distributions
The generalized beta-Laplace distribution is defined by expression (6) where now

I is a scaled Laplace distribution, having distribution function

B %exp(:z:/)\), x <0,
Fla) = { 1 — L exp(—z/\), x> 0. 22)

where A > 0. This distribution is a new class of skewed Laplace distributions.

(e) Translation of location and scale
Let X be a GBG random variable with density

fosg(xia,p,q) = B(p,q) " af (x)F(x) 'L — F(x)"]7 ",



and assume F(X) = pp and var(X) = 0% exist and are finite. If we define ¥ =

i+ oX, then Y has density

— y—p
f(y;CZ?paq’:uao—) = 0 1fg3g(7;a,p,q)

= o 'Blp.q) taf (PR L= PO

and E(Y) = u + opr and var(Y) = o%0%.

3 Entropy

Shannon (1948) defined the entropy of a probability density function g(z) as

H(g) = Ey[log g(= / g(z)log g(x (23)

The Shannon entropy (henceforth called simply entropy) is a measure of the un-
certainty in a probability distribution and its negative is a measure of information.
Ebrahimi, Maasoumi and Soofi (1999) show that there is no universal relationship
between variance and entropy and where their orderings differ entropy is the superior

measure of information.

Proposition 1 The entropy of the generalized beta distribution with density (5) is

—Eggllog fgs(z)] = logB(p,q) —loga+a ' (a—1)¢(p,q)
+(p = 1)¢(p, @) + (¢ — 1)¢(g, p)- (24)

where ((p,q) = V(p+ q) — ¥(p) and b represents the digamma function.

Proof: Note that (5) may be written:

fos(x;a,p,q) = B(p,q) ' g()[G(x)]"*[1 — G()]" ", (25)

where G(z) = 2% 0 <z <1 and g(x) = G'(z). Hence the generalized beta is a

classical beta-generated distribution with parent G(z) = 2*. Hence

—Egsllog fos(x)] = log B(p,q) — By, llog g(w)]

10



—(p = DElog G(x)] — (¢ — 1)Egg,[log(1 — G ()]

Now (24) follows on substituting

—Egsllog G(x)] = <(p.q),
—Egpllog(1 — G(z))] = ((a,p),
Egsllogg(z)] = /Ol(loga + (a —1)log x) fgp(x)dx
= loga—a~'(a—1)¢(p.q). n

Corollary 1 The entropy of the classical beta distribution B is:

—Epllog fs(z)] =log B(p,q) + (p — 1){(p, @) + (¢ — 1)¢(q,p). (26)

The entropy of the Kumaraswamy distribution K is:

—Eic[log fic(w)] = —log(aq) + a™'(a — 1)¢(1,q) + (¢ — 1)¢(g, 1). (27)

We remark that (26) is well known, see Nadarajah and Zografos (2003), and (27)
follows from (24) on noting that B(1,q) = ¢~

The maximum entropy density is the function f(x) that maximizes H(g), subject
to a set of conditions on g(z) which capture the testable information that is available
to the analyst.? The criterion here is to be a vague as possible (i.e. to maximize
uncertainty) given the constriants imposed by the testable information, so that the
maximum entropy distribution (MED) represents no more (and no less) than this
information.

Zografos and Balakrishnan (2009) prove that standard beta-generated distribu-
tions are MED under three constraints, two relating only to the beta generator and
one relating to the parent. Using their results, we now compute the entropy of GBG
distribution and the conditions under which it is the MED.

4A piece of information is testable if it can be determined whether g(z) is consistent with it.
One of piece of information is always a normalization condition.

11



Proposition 2 The GBG density (6) with parent distribution F statisfies,

—Egpgllog F(X)*] = ((p,q), (28)
—Egpg[l —log F(X)*] = ((q,p), (29)
Egpgllog f(X)] — Eyllog f(F~'(UY")] = a '(a—1)*¢(p,q) (30)

where f(z) = F'(z) and U ~ B(p,q). Furthermore, the GBG has the mazimum
entropy of all distributions satisfying the information constraints (28) — (30) and

1ts entropy is:

—Egpgllog fgrg(x)] = log B(p,q) —loga+a™'(a—1)¢(p,q)
+(p — 1)¢p, q) + (g — 1)¢(q, p) — Eyllog fF(FHUY*)31)

Proof: Since the generalized beta-generated distribution with parent F'(z) is
a beta-generated distribution with parent G(z) = F(z)% we may use Lemma 1 of
Zografos and Balakrishnan (2009). The conditions (28) and (29) follow immediately

from the first two conditions that lemma and the third condition is
Esgllog g(X)] = Eyllog g(G™H(U))], U ~ B(p,q), (32)
where g(z) = G'(z) = aF(2)* ' f(z). Now G™Y(U) = F~(U"Y%) and
log g(X) =loga+ (a —1)log F'(X) + log f(X),
SO

Esllog g(G™'(U))] = loga+ (a—1)EgllogU"*] + Egllog f(F(U))],
= loga—a'(a—1)¢(p,q) + Egllog f(F~1{UY"))], (33)

since
1

Eg[log U] = B(p, q)‘l/0 w?H (1= uP) logu du = —((p, q).

12



By Lemma 1 of Zografos and Balakrishnan (2009), Esg|log F'(X)] = —((p, q). Hence
(32) becomes:

(a — 1)¢(p,q) — Egngllog f(X)] = a™'(a — 1){(p, q) — Esllog f(F'({U"*)]. (34)

which may be rewritten as (30). Finally, (31) follows from (33) and corollary 1
of Zografos and Balakrishnan (2009) and their proposition 1 proves the maximum

entropy property. |

Setting a = 1 in (28) — (31) yields the information constraints and entropy for the
beta-generated distribution that were derived directly in Zografos and Balakrishnan
(2009). Setting p = 1 in (28) — (31) yields the information constraints for the
Kumaraswamy-generated distribution I to have maximum entropy, and this entropy

is given by:

~Exgllog fra(z)] = —log(ag) +a '(a—1)¢(1,q)
+(q — 1)¢(g,1) — Eyllog f(F~H(UY*))]. (35)

We remark that the GBG entropy is the sum of the entropy of the general-
ized beta generator (24), which is independent of the parent, and another term
—Ey[log f(F~Y(U"Y))] that is related to the entropy of the parent. Furthermore,
the constraints (28) and (29) reflect information only about the generalized beta

generator. From
Egpgllog F(X)*] = Epg[log G(x)] = Eg[log U],

Egng[log F'(X)] = Epgllog(1 — G(z))] = Eglog(1 — U)],

it follows that (28) is related to the information in the left tail and (29) is related to
information in the right tail. Note that (24) takes its maximum value of zero when

a = p = q = 1; otherwise, the structure in the generator adds information to the

GBG distribution.

13
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